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Abstract: The problem of Andronov-Hopfl bifurcation in the case when the nonlinear parts of the system
are discontinuous at the bifurcation point or in some its neighborhood is considered.
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SINGULAR PERTURBATION ANALYSIS FOR WALLS AND GENE REGULATORY
NETWORK WITH DELAY !

(© 1I.Shlykova, A.Ponossov
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Abstract: The main result of the work provides a mathematical justification of the simplified analysis of
gene regulatory networks under the present of delays. The emphases are put on sliding modes along one or more
thresholds, which requires singular perturbation analysis.

We study the delay system

j;i = Fi(Zla ceny Zm) - Gi(Zh sy Zm)ml

Z = E(Yik), Ok ax) (1)
yi(t = (%ﬂ?l)(t), t > 0, 1= 1, ., n, k= 1,...,m.

This system describes a gene regulatory network with autoregulation [1], [2], where changes in one
or more genes happen slower than in the others, which causes delay effects in some of the variables.
The functions F;, G; are affine in each Zy, Fi(Z1,....,Zm) 2 0, Gi(Z1,...;%m) > 0 for 0 < Z < 1
(k=1,...,m). F; and G stand for the production rate and the relative degradation rate of the product
of gene i, respectively, and x; denotes the gene product concentration. The input variables y; endow
Equations 1 with feedbacks which, in general, are described by nonlinear Volterra ("delay") operators
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R; depending on the gene concentration x;(t). The delay effects in the model arise from the time
required to complete transcription, translation and diffusion to the place of action of a protein. As in
[1] we assume R; to be integral operators of the form

(Rizi)(t) = by (2) / K;(t zi(s)ds, t>0, i=1,..,n,

o -y
where K;(u) = > P_ ' K, (u), Ki(u) = ﬁe‘alu, (v=0,..,p, i =1,...,n). The coefficients
v—1)!
Yc; are real nonnegative numbers satisfying > 0 _%; =1 and «o; > 0.
The "response functions" Zy express the effect of the different transcription factors regulating the

expression of the gene. Assume that each Zj is the Hill function given by

0 if Y <0

1
Z, = XYk, Ok, qr) = Z/k/qk

P yr =0
1 1
yk/ qk Hk/ qk

for g > 0. If g = 0 then Z; becomes the unit step function.

To study (1) we apply the modification of linear chain trick method described in [1]. It helps us to
remove the delay from the system and obtain the following equivalent system of ordinary differential
equations

xl = F(Zl,...,Z ) G (Zl,...,Z )I’z

by = —a vz—l—ozZ vl—i—ozla:l( Oi + ) + C(Fi( 21,y ooy Zim) — Gi( 21, ooy Zin ) 204)
ZU’L' = 0 'Uz + ;- U’L + a;x; '2C'L (2)
Py, = —aoy Pu; + o Pe;

Zk:2<yl(k)70k7qk)7 Z/zlezy izla“'vn? kzla"'vm

We study the situation where exactly one of the variables y; (i = 1,...,n) in (2) approaches one of
its threshold values 0y, while the others stay away from their thresholds. Renumbering we can always
assume that the singular variable is y;. In the limit, i.e. as ¢ = (q1, ..., ¢m) — 0, we obtain that y; = 6,
and Z(yr) =1 or O for k > 2.

Assume that (2) is equipped with the initial conditions z(to,q) = z°(g), v(to,q) = v°(q) and
consider the wall W = {(z,v) : {v1 = 01}, Zx(yx) = By, k > 2}, where z = (21,...,2y,), v =
= (v1,...,vn), B is a Boolean variable associating to each Zy by By = 0 if yp < 0 and By = 1 if
Y > 0.

We want to find the conditions when the solutions of the smooth problem (2) uniformly converge
to the solution of the limit system for ¢ = 0. To do this we use the singular perturbation analysis and
replace y; with Z; [2]|. This gives us the following equation of motion in W

. 4(-7)
= L)
e YYZ1,61,q1)
Gl(ZhZR)%‘l))

; (ZLZR) G, (Z1,ZR)%,

(—aa 721,01, q1) + o1 2oy + aqwy (%er + &) + 4 (FL(Z1, ZR)—

Lizj = —aq; U] +oj- Uj +ozjx](% +k,; )+% (Fj(Z1,ZRg) — Gj(Z1, ZR)xj) (3)
2@ = —q4 Q'UZ + o4 -31)Z + o,y - 20Z
Py, = —ay ~pvi+aiwi~pci, i=1,...,n, j:2,...,n.

Consider Equation (3) with the initial conditions

z(to,q) = 2°(q), Zi(to,q1) = Z%q1), 'i(to,q) = 61, v(to,q) = (v1,r, V2, ..., vn) = 0°(q),  (4)
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where v1 g = (1,301, ...,Pv1)
Let g go to 0 and consider the corresponding reduced system

YALS A
1(01)(—04191 + o ‘21)1 + 041:61(061 + 101) + %1(F1(Zl,BR)—
1

Gl(Zl,BR)SL‘l)) = 0
ﬂfz = F(Zl,BR) Gi (Z17BR):1:7,7

)= o Loy g 2o 4 agay (b + k) + 8 (Fy (2, Br) — Gy (21, Br)a) (5)
21) = vz + o -31), + o;x; ~2cz
Py = —ay Poy + iy Pey, t=1,...,n, j=2,...,n.

where Br = (Ba, ..., B;,) with the initial conditions z(tg,0) = 2°(0), v(t,0) = v°(0).

Theorem 1. Suppose that W is an attractive wall (or an attractive part of the wall) and the limit
initial point belongs to W, e. (2°(7),v°(q)) — (2°(0),2°(0)) € W as § — 0. Denote by Z; =
= Zi1(x1,201), 0 < Zy < 1 a unique solution of the first equation in (5).

Then there exists Ty > to such that

lim z(t,q) = =(t,0), limo(t,q) =v(t,0), t € [to,Tp], (6)
G—0 q—0

the convergence is uniform in t € [to, Tp], where x(t,0), v(t,0) satisfy the system

;= F(Z1,BR) Gi(Z1, Br)zi,
j = Oé] 1)] +Oé] U]-FCBJ.’L'](% +13 )+% ( j(Zl,BR)—Gj(Zl,BR)CCj)
2 = —ay v + oy B+ a2 (7)

P = —a; Puy + oy oy, i=1,...,n, j=2,...,n.

with the initial conditions (4).

Moreover, we have hm Zi(t,q1) = Zy, o <t <Tp, the convergence 1s uniform on any [0, To],
q1—0

o > ty.

Theorem 1 gives us opportunity to extend the solution along an attractive part of a wall, moreover
this extension is unique and satisfies (7). Also, according to the formulas (6), we get the convergence
of smooth solutions to the limit solutions as g — 0.
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Annorauus: B ganHo#l pabore maHO MareMaTUdYecKoe 0OOCHOBAHUE 3aMeIleHns ODIIell MOAed MeHHBIX Ce-
Tell ¢ 3anasabiBanueM 0oJiee IPOCTOol 3a1a4el, KOTopas He COAEPKUT 3ala3/ibiBanusd. JJoKka3aHa 1paBOMEPHOCTb
MPUMEHEHUs AHAIN3a, CUHTYJISPHBIX BO3MYINEHWH MJIs MOy Y€HHOM MTPOOIeMBbI, TTOKA3aHO, 9TO ITOT METOJ M03-
BOJISIET 3HAYUTEBHO YIIPOCTUTH aHAJIN3 MOBEIEHUS] TPAGKTOPUI BIOJh CHHTYJISPHBIX 00J1acTel.

KurogeBbie ciioBa: peryaupoOBKa MeHHBIX CEeTell; ypaBHEHUSI C 3al1a3IbIBAHUEM; AHAJIU3 METOJO0B CHHIYJISIPHBIX
BO3MYIIIEHUH.
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KJIACCHI OKPECTHOCHBIX CUCTEM, IIOJIVUEHHBIX HA OCHOBE CETEN
ITETPUA

© A.M. IlImeipun, 1. A. Cenpix

Kirouessie cioa: nnentudukams; cern [lerpu; 0KpeCTHOCTHBIE CUCTEMBI.
Annoranuys: BBeJieHbl KJTaCChl JIUHAMUYECKAX YETKUX U HEYETKHUX 110 3HAYEHUSIM M OKPECTHOCTH OKPECT-
HOCTHBIX Mogesneii cereit [lerpu, GyHKIMOHUPYIONMX KAK B Y€TKOM, TAK U B HEYETKOM BPEMEHH.

B pabote 1oJ1ydeHbl MOJe/IM OKPECTHOCTHBIX CHCTEM Ha OCHOBE HanboJiee pacipoCTPAHEHHbBIX KJIAC-
cos cereii [lerpu, KOTOpBIE HAC/IEIYIOT HEKOTOPBIE CBOficTBaA cereii [lerpu. B cBsa3u ¢ sTM oKpecTHOCT-
HBIE MOJIEJIN, IOy YeHHbIE Ha OCHOBE cereit [leTpu, ABIAIOTCH HEIETEPMUHUPOBAHHBIMA JUHAMUIECK -
ME OKPECTHOCTHBIMU cucTemamu |1-4].

Creyroreit 0CO6EHHOCTHIO OKPECTHOCTHBIX CHCTEM, MTOIYIE€HHBIX Ha OCHOBe ceTeil [leTpn, sBisercs
WX CJI0€Basl CTPYKTYpa, PUYeM KazK kIl cj0if npejcraBssier coboif HEKOTOPYIO OKPECTHOCTb.

s yBermaenust BoaMoxkHOCTed cereit Ilerpn, sapisomuxcs cyrybo CTOXaCTHIECKIMHE, TTPEJTOKe-
Ha METOAUKA JCTEPMUHUIANNN COOTBETCTBYIOINX OKPECTHOCTHLIX CHUCTEM TIIYTEM BBOJa MEPLI HEJETEPD-
MUHUPOBAHHOCTH. Mepa HeeTepMIHUPOBAHHOCTH [TO3BOJISIET PETYIHPOBATE CTOXACTHIHOCTH OKPECT-
HOCTHOM CHCTEMBI 33 CYeT OI‘paHI/I“IeHI/Iﬁ Ha KOJIMYECTBO aKTHUBHBIX CJIOEB. I/ISMQHHH MEpy HeaeTepMu-
HIPOBAHHOCTH, MOKHO MEHSITb MDYy CTOXACTHIHOCTH OKPECTHOCTHOW CHCTEMBI. DTO HO3BOJSAET [IPH-
OJIM3UTH MOZEIUPYEMBIE TIPOTIECCHI K PEATHHBIM, KOTOPBIE IBJIAIOTCI B DOJIBINEN CTEeHN IeTePMUHN-
poBaHHbIME [1].

KpOMe TOTrO, B pa6OTe BBEJACHBLI OKPECTHOCTHbLIEC CUCTEMBI C IIPDUOPUTECTAMM, B KOTOPBIX BCEM CJIOAM
IPANNUCAHBl IPHOPUTETHl (MM Beca), MO3BOJIAIOIINE PEryInpOBATh KOH(MINKTHBIE CHTYaIlliH, BO3HU-
KaIIMe B pesysbrare (DyHKIMOHUPOBAHUS OKPECTHOCTHOM CUCTEMbI, MOJIYUYEHHOW HA OCHOBE Cerei
[Merpmn.

B 0KpecTHOCTHBIX CHCTeMax, TOJIYUIeHHBIX Ha OCHOBe Kiaaccudaecknx cereil Ilerpm, Bpems cooTser-
CTBYeT HOMEPY TaKTa (PYHKIMOHUPOBAHNUA CUCTEMbI. J[jig MOmeTmpoBaHus MPOIECCOB B PEATBHOM Bpe-
MeHH B paboTe pacCMaTpPUBAIOTCS TAKKe OKPECTHOCTHBIE CHCTEMBI, IIOJTy I€HHBIE HA OCHOBE BPEMEHHBIX
cereit [lerpu, dyHKIIMOHUPYOMNE KAK B 9€TKOM, TAK 1 HEIETKOM BPEMEHU.
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