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SINGULAR PERTURBATION ANALYSIS FOR WALLS AND GENE REGULATORY
NETWORK WITH DELAY 1
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Abstract: The main result of the work provides a mathematical justi�cation of the simpli�ed analysis of

gene regulatory networks under the present of delays. The emphases are put on sliding modes along one or more
thresholds, which requires singular perturbation analysis.

We study the delay system

ẋi = Fi(Z1, ..., Zm)−Gi(Z1, ..., Zm)xi

Zk = Σ(yi(k), θk, qk)
yi(t) = (<ixi)(t), t > 0, i = 1, ..., n, k = 1, ..., m.

(1)

This system describes a gene regulatory network with autoregulation [1], [2], where changes in one
or more genes happen slower than in the others, which causes delay e�ects in some of the variables.
The functions Fi, Gi are a�ne in each Zk, Fi(Z1, ..., Zm) > 0, Gi(Z1, ..., Zm) > 0 for 0 6 Zk 6 1
(k = 1, ..., m). Fi and Gi stand for the production rate and the relative degradation rate of the product
of gene i, respectively, and xi denotes the gene product concentration. The input variables yi endow
Equations 1 with feedbacks which, in general, are described by nonlinear Volterra ("delay") operators

1The present study was partially supported by the National Programme for Research for Functional Genomics in
Norway (FUGE) in the Research Council of Norway and by the Norwegian Council of Universities' Committee for
Development Research and Education (NUFU), grant no. NUFUSM-2008/10229.
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<i depending on the gene concentration xi(t). The delay e�ects in the model arise from the time
required to complete transcription, translation and di�usion to the place of action of a protein. As in
[1] we assume <i to be integral operators of the form

(<ixi)(t) = 0cxi(t) +
∫ t

−∞
Ki(t− s)xi(s)ds, t > 0, i = 1, ..., n,

where Ki(u) =
∑p

ν=1
νci ·νKi(u) , νKi(u) =

αν
i · uν−1

(ν − 1)!
e−αiu, (ν = 0, ..., p, i = 1, ..., n). The coe�cients

νci are real nonnegative numbers satisfying
∑p

ν=0
νci = 1 and αi > 0.

The "response functions"Zk express the e�ect of the di�erent transcription factors regulating the
expression of the gene. Assume that each Zk is the Hill function given by

Zk = Σ(yk, θk, qk) =





0 if yk < 0
y

1/qk

k

y
1/qk

k + θ
1/qk

k

if yk > 0

for qk > 0. If qk = 0 then Zk becomes the unit step function.
To study (1) we apply the modi�cation of linear chain trick method described in [1]. It helps us to

remove the delay from the system and obtain the following equivalent system of ordinary di�erential
equations

ẋi = Fi(Z1, ..., Zm)−Gi(Z1, ..., Zm)xi
1v̇i = −αi ·1vi + αi ·2vi + αixi(0ci + 1ci) + 0ci(Fi(Z1, ..., Zm)−Gi(Z1, ..., Zm)xi)
2v̇i = −αi ·2vi + αi ·3vi + αixi ·2ci

. . .
pv̇i = −αi ·pvi + αixi ·pci

Zk = Σ(yi(k), θk, qk), yi = 1vi, i = 1, . . . , n, k = 1, . . . ,m.

(2)

We study the situation where exactly one of the variables yi (i = 1, ..., n) in (2) approaches one of
its threshold values θk, while the others stay away from their thresholds. Renumbering we can always
assume that the singular variable is y1. In the limit, i.e. as q̄ = (q1, ..., qm) → 0̄, we obtain that y1 = θ1

and Zk(yk) = 1 or 0 for k > 2.
Assume that (2) is equipped with the initial conditions x(t0, q̄) = x0(q̄), v(t0, q̄) = v0(q̄) and

consider the wall W = {(x, v) : {y1 = θ1}, Zk(yk) = Bk, k > 2}, where x = (x1, ..., xn), v =
= (v1, ..., vn), Bk is a Boolean variable associating to each Zk by Bk = 0 if yk < θk and Bk = 1 if
yk > θk.

We want to �nd the conditions when the solutions of the smooth problem (2) uniformly converge
to the solution of the limit system for q̄ = 0̄. To do this we use the singular perturbation analysis and
replace y1 with Z1 [2]. This gives us the following equation of motion in W

q1Ż1 =
Z1(1− Z1)

Σ−1(Z1, θ1, q1)
(−α1Σ−1(Z1, θ1, q1) + α1 ·2v1 + α1x1(0c1 + 1c1) + 0c1(F1(Z1, ZR)−

G1(Z1, ZR)x1))
ẋi = Fi(Z1, ZR)−Gi(Z1, ZR)xi,
1v̇j = −αj ·1vj + αj ·2vj + αjxj(0cj + 1cj) + 0cj(Fj(Z1, ZR)−Gj(Z1, ZR)xj)
2v̇i = −αi ·2vi + αi ·3vi + αixi ·2ci

. . .
pv̇i = −αi ·pvi + αixi ·pci, i = 1, . . . , n, j = 2, ..., n.

(3)

Consider Equation (3) with the initial conditions

x(t0, q̄) = x0(q̄), Z1(t0, q1) = Z0(q1), 1v1(t0, q̄) = θ1, v(t0, q̄) = (v1,R, v2, ..., vn) = v0(q̄), (4)
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where v1,R = (2v1,
3v1, ...,

pv1)
Let q̄ go to 0̄ and consider the corresponding reduced system

Z1(1− Z1)
θ1

(−α1θ1 + α1 ·2v1 + α1x1(0c1 + 1c1) + 0c1(F1(Z1, BR)−
G1(Z1, BR)x1)) = 0
ẋi = Fi(Z1, BR)−Gi(Z1, BR)xi,
1v̇j = −αj ·1vj + αj ·2vj + αjxj(0cj + 1cj) + 0cj(Fj(Z1, BR)−Gj(Z1, BR)xj)
2v̇i = −αi ·2vi + αi ·3vi + αixi ·2ci

. . .
pv̇i = −αi ·pvi + αixi ·pci, i = 1, . . . , n, j = 2, ..., n.

(5)

where BR = (B2, ..., Bm) with the initial conditions x(t0, 0̄) = x0(0̄), v(t0, 0̄) = v0(0̄).
Theorem 1. Suppose that W is an attractive wall (or an attractive part of the wall) and the limit

initial point belongs to W , i.e. (x0(q̄), v0(q̄)) → (x0(0̄), v0(0̄)) ∈ W as q̄ → 0̄. Denote by Ẑ1 =
= Ẑ1(x1,

2v1), 0 < Ẑ1 < 1 a unique solution of the �rst equation in (5).
Then there exists T0 > t0 such that

lim
q̄→0̄

x(t, q̄) = x(t, 0̄), lim
q̄→0̄

v(t, q̄) = v(t, 0̄), t ∈ [t0, T0], (6)

the convergence is uniform in t ∈ [t0, T0], where x(t, 0̄), v(t, 0̄) satisfy the system
ẋi = Fi(Z1, BR)−Gi(Z1, BR)xi,
1v̇j = −αj ·1vj + αj ·2vj + αjxj(0cj + 1cj) + 0cj(Fj(Z1, BR)−Gj(Z1, BR)xj)
2v̇i = −αi ·2vi + αi ·3vi + αixi ·2ci

. . .
pv̇i = −αi ·pvi + αixi ·pci, i = 1, . . . , n, j = 2, ..., n.

(7)

with the initial conditions (4).
Moreover, we have lim

q1→0
Z1(t, q1) = Ẑ1, σ 6 t 6 T0, the convergence is uniform on any [σ, T0],

σ > t0.
Theorem 1 gives us opportunity to extend the solution along an attractive part of a wall, moreover

this extension is unique and satis�es (7). Also, according to the formulas (6), we get the convergence
of smooth solutions to the limit solutions as q̄ → 0̄.
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Àííîòàöèÿ: Â äàííîé ðàáîòå äàíî ìàòåìàòè÷åñêîå îáîñíîâàíèå çàìåùåíèÿ îáùåé ìîäåëè ãåííûõ ñå-
òåé ñ çàïàçäûâàíèåì áîëåå ïðîñòîé çàäà÷åé, êîòîðàÿ íå ñîäåðæèò çàïàçäûâàíèÿ. Äîêàçàíà ïðàâîìåðíîñòü
ïðèìåíåíèÿ àíàëèçà ñèíãóëÿðíûõ âîçìóùåíèé äëÿ ïîëó÷åííîé ïðîáëåìû, ïîêàçàíî, ÷òî ýòîò ìåòîä ïîç-
âîëÿåò çíà÷èòåëüíî óïðîñòèòü àíàëèç ïîâåäåíèÿ òðàåêòîðèé âäîëü ñèíãóëÿðíûõ îáëàñòåé.

Êëþ÷åâûå ñëîâà: ðåãóëèðîâêà ãåííûõ ñåòåé; óðàâíåíèÿ ñ çàïàçäûâàíèåì; àíàëèç ìåòîäîâ ñèíãóëÿðíûõ
âîçìóùåíèé.
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Êëþ÷åâûå ñëîâà: èäåíòèôèêàöèÿ; ñåòè Ïåòðè; îêðåñòíîñòíûå ñèñòåìû.
Àííîòàöèÿ: Ââåäåíû êëàññû äèíàìè÷åñêèõ ÷åòêèõ è íå÷åòêèõ ïî çíà÷åíèÿì è îêðåñòíîñòè îêðåñò-

íîñòíûõ ìîäåëåé ñåòåé Ïåòðè, ôóíêöèîíèðóþùèõ êàê â ÷åòêîì, òàê è â íå÷åòêîì âðåìåíè.

Â ðàáîòå ïîëó÷åíû ìîäåëè îêðåñòíîñòíûõ ñèñòåì íà îñíîâå íàèáîëåå ðàñïðîñòðàíåííûõ êëàñ-
ñîâ ñåòåé Ïåòðè, êîòîðûå íàñëåäóþò íåêîòîðûå ñâîéñòâà ñåòåé Ïåòðè. Â ñâÿçè ñ ýòèì îêðåñòíîñò-
íûå ìîäåëè, ïîëó÷åííûå íà îñíîâå ñåòåé Ïåòðè, ÿâëÿþòñÿ íåäåòåðìèíèðîâàííûìè äèíàìè÷åñêè-
ìè îêðåñòíîñòíûìè ñèñòåìàìè [1-4].

Ñëåäóþùåé îñîáåííîñòüþ îêðåñòíîñòíûõ ñèñòåì, ïîëó÷åííûõ íà îñíîâå ñåòåé Ïåòðè, ÿâëÿåòñÿ
èõ ñëîåâàÿ ñòðóêòóðà, ïðè÷åì êàæäûé ñëîé ïðåäñòàâëÿåò ñîáîé íåêîòîðóþ îêðåñòíîñòü.

Äëÿ óâåëè÷åíèÿ âîçìîæíîñòåé ñåòåé Ïåòðè, ÿâëÿþùèõñÿ ñóãóáî ñòîõàñòè÷åñêèìè, ïðåäëîæå-
íà ìåòîäèêà äåòåðìèíèçàöèè ñîîòâåòñòâóþùèõ îêðåñòíîñòíûõ ñèñòåì ïóòåì ââîäà ìåðû íåäåòåð-
ìèíèðîâàííîñòè. Ìåðà íåäåòåðìèíèðîâàííîñòè ïîçâîëÿåò ðåãóëèðîâàòü ñòîõàñòè÷íîñòü îêðåñò-
íîñòíîé ñèñòåìû çà ñ÷åò îãðàíè÷åíèé íà êîëè÷åñòâî àêòèâíûõ ñëîåâ. Èçìåíÿÿ ìåðó íåäåòåðìè-
íèðîâàííîñòè, ìîæíî ìåíÿòü ìåðó ñòîõàñòè÷íîñòè îêðåñòíîñòíîé ñèñòåìû. Ýòî ïîçâîëÿåò ïðè-
áëèçèòü ìîäåëèðóåìûå ïðîöåññû ê ðåàëüíûì, êîòîðûå ÿâëÿþòñÿ â áîëüøåé ñòåïåíè äåòåðìèíè-
ðîâàííûìè [1].

Êðîìå òîãî, â ðàáîòå ââåäåíû îêðåñòíîñòíûå ñèñòåìû ñ ïðèîðèòåòàìè, â êîòîðûõ âñåì ñëîÿì
ïðèïèñàíû ïðèîðèòåòû (èëè âåñà), ïîçâîëÿþùèå ðåãóëèðîâàòü êîíôëèêòíûå ñèòóàöèè, âîçíè-
êàþùèå â ðåçóëüòàòå ôóíêöèîíèðîâàíèÿ îêðåñòíîñòíîé ñèñòåìû, ïîëó÷åííîé íà îñíîâå ñåòåé
Ïåòðè.

Â îêðåñòíîñòíûõ ñèñòåìàõ, ïîëó÷åííûõ íà îñíîâå êëàññè÷åñêèõ ñåòåé Ïåòðè, âðåìÿ ñîîòâåò-
ñòâóåò íîìåðó òàêòà ôóíêöèîíèðîâàíèÿ ñèñòåìû. Äëÿ ìîäåëèðîâàíèÿ ïðîöåññîâ â ðåàëüíîì âðå-
ìåíè â ðàáîòå ðàññìàòðèâàþòñÿ òàêæå îêðåñòíîñòíûå ñèñòåìû, ïîëó÷åííûå íà îñíîâå âðåìåííûõ
ñåòåé Ïåòðè, ôóíêöèîíèðóþùèå êàê â ÷åòêîì, òàê è íå÷åòêîì âðåìåíè.
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